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Abstract 

By using the related results in the WZ theory, a new (as far as I know) 
formula for the values of Dirichlet beta function /3(s) = (2n-i) s ( wnere 

n — 1 

Re(s) > 0) at odd positive integers was given. 

1 Introduction 

+ OG 

It is well known that for Riemann Zeta function ((s) = -4- , (where Re(s) > 

n=i n 

1), Dirichlet Lambda function A(s) = YJ (2n— 1)« ' ( wuere ^ e ( s ) > 1 ) and Dirich- 

(-1)" 



(2n-l)« 

n— 1 

let Beta function /3(s) = ^2 (2n-i) s > (where Re(s) > 0), the following formulas 

n— 1 

are valid 

o2n— 1 / i \n — 1 d -2n 

C(2n) = (2^)1 ' n€JV (1) 

M«) = ^C(s), (2) 

^ + l) = S(k)f (2) ' - e ^ = iVU { 0} (3) 

where _B„ is Bernoulli number, i? n is Euler number, which are given by the 
following formulas respectively 

+00 +00 

i>n „ ^ X -> -C/n 



1 ^ n! ' e x + e~ x ^ n\ 



And we know that there are no such simple formulas for (,(2n + 1) and /3(2n). 
In fact, C( s ), A(s), /3(s) are the special cases of Dirichlet L-function Lfc(s) = 



1 



-(where Re(s) > 1): ((s) = L x (s), A(s) = L 2 (s), 0(s) = L-4,(s), where 



+00 

n=l 

Xfc is Dirichlet character, see [I]. Some general formulas for L_k(s) and £fe(s) 
are given in [I] , [2] and [3] . It is worth mentioning that the evaluation of special 
values of Dirichlet L-function is an active research field. 

In [4], based on the framework of the WZ theory (see [5], [6], [7]), we obtained 
a recurrence formula for C(2Z) 



,(21) = 



-,21-1 



1 -2 2 < 



, (-1)' 



42 



-2/ 



r(20 £jr(2(i-j) + i) 



(4) 



where / G TV, and a(fc) = is a convention, which is equivalent to the 

k=l 

following classical formula for Bernoulli polynomial 



Bo 



-2n+l 



1) B 



2n 



(5) 



where B n (x) is Bernoulli polynomial of order n, given by the following formula: 



te 1 



+ OO 

E 

n=0 



B n{x) t n 



In [4], it was pointed out that the ideas of getting the recurrence Q can 
be used to evaluate similar infinite series. In this paper, we obtained a new (as 
far as I know) formula for 0(21 — 1) (where / £ N ) by using the ideas in 0]. 
The main steps are given as follows: we obtained the special values of 0(21 — 1) 
at I = 1,2,3 by using the method in [4] first, then we formulate a conjecture 
which give a general formula for 0(21 — 1), finally we proved the conjecture. It is 
worth mentioning that the method of obtaining 0(1), 0(3) and 0(5) is consistent 
with the one of proving the conjecture. It is also worth mentioning that when I 
formulate the conjecture by the special values of 0(21 — 1), I used Mathematica 
8.0. For the special values of I, I — 1, 2, 3 for example , we can obtain the special 
values of 0(21 — 1) by Mathematica 8.0. 

The main result in this paper is the following theorem. 

Theorem. Let 0(s) = ^2 \2n-1y > wri ere Re(s) > 0, then we have 0(1) = j, 



0(3) 



32 



0(5) = 



n=l 

yjSjg, more generally, for all / 6 N, we have 



0(21-1) = 



2 21 

(-ly+v- 1 



1 



r(2i - 1) 
1 

T(2l - 1) 



l-l 



2E 



(-l)*2*'A(2j) 



.1 

1-1 



- T(2l - 2j)n^ 

l)i(2«-l)C(2j) 



T(2l - 2j)w 2 i 



(6) 



(7) 



2 



_ (-l) l + 1 7T 21 - 1 

By formula © and formula ©, we obtained the following formula 

o 

where I G Nq, and ^2 a(k) = is a convention. 

fe=i 

Both of formula (6) and formula (7) are similar to formula (4). Because 
formula (7) can be obtained by formula (2) and formula (6), and formula (8) 
can be obtained by formula (1) and formula (7), we just need to prove formula 
(6). 



2-1 

E 



2,7 



r(2Z - i) £j r(22 - 2j)r(2j + 1) 



(8) 



2 Preparation Lemmas 

To prove the theorem, we need the following lemmas. Lemma 1 can be seen in 
[4j, Lemma 2 can be seen in Page 204 of |8j, Lemma 3 can be seen in Page 37 
of [S], and the proofs of Lemma 4, Lemma 5 and Lemma 6 will be given below. 
Lemma 1. For a continuous-discrete WZ pair (F(x,k),G(x,k)), that is, they 
satisfy the following so-called continuous-discrete WZ equation 

^E^R = G(x,k + l)-G(x,k) (10) 
ox 

then for all to, n £ Nq, h,x G R, we have 

n n „ x fx 

^2F(x,k)-^2F{h,k)= G(t,n + l)dt- G{t,m)dt. (11) 

k=m k=m J h J' 1 

Lemma 2. If for all a,x G R, f(t) is integrable on (a,x), then we have 



/!'!>//( ) •■•'//,. .., ) dt k = f^T f (x-t) k -\f(t)dt. (12) 



a \^ a 



Lemma 3. For all n G N, we have 

" 1 

cos((2fc — l)x) = — sin(2na;) esc : 



fc=i 

Lemma 4. If k G iV, we have 



,' 2 sin(2fci) , 7r 
lim / — ? '-dt=-. 



3 



Proof. At first, we have 



where 



sin(2fct) 
sint 



dt = 



1 r . /(2fc + l)A ft\ . 
1 sin — - cot - \dt 



h = 2 / sin 



i r f (2k + i)t \ „ 

-2 Jo C0S (^^ ] - 

h-h, 

(2fc + l)i\ ft 



cot ( - I dt, 



i r f (2k + i)t \ 

h = 2 J C ° S \ 2 



Now, let us think about first, because 



|/ 2 I= - 



'(2fc + l)i . , 
cos I — dt 



1 



2k + 1 



sm 



(2fc+ 1)tt 



< 



1 



2fc + r 



we have lim I2 = 0. Next, let us think about I\. Because tan (|) is continuous 

on [0,7r], of course, it is integrable on [0,7r], by Riemann-Lebesgue Lemma, we 
have 

lim / sin ( ( 2fc + 1 )M tan ( M di _ q 
By Lemma 4 in [4] and esc (|) — cot (|) = tan (|) , we have 



r . f(2k + i)t\ /t\ , ,. r . /(2fc + i)A /*'. , 

hm / sm cot — \ dt = lim / sm esc — ere = n. 

k^+ooj \ 2 / \2J fe^+oo7 V 2 / \2, 

Finally, we have 



n sm(2kt) , 
lim / ^ '-dt 

fc->+oo L smt 



lim [h-h) 

k— ^+00 



1 

2 

7T 

2' 



— lim / mi) 

/o 



The proof of Lemma 4 was completed. 
Remarks: 1. We can also prove 



W + ^) esc (t)dt- hm h 
2 J \2J 



r . f {2k + l)t 
hm / sm — 

k— >+co Jn \ 2 



tan I - ) = 



4 



by The Second Mean Value Theorem for Integrals. Because for all t € [0,7r], 

(tan (I)) = i (sec(|)) 2 > 0, we know that tan(|) is monotone (increasing) 
on [0,7r], we conclude by The Second Mean Value Theorem for Integrals that 
there exist £ on [0, tt] , such that 



tan 



'(2Jfe + l)f 
+ 



tan 



sin 



(i 



dt 

(2k+l)t 
t 



dt + tan 



7T — 



Sill 



(2Jfe + l)t 



dt 



< 4tan (-) — - — . 
V4/ 2fc+ 1 

Finally, we have 



lim 

k— >+oo 



Sill 



f (2k + l)t 
V 2 



tan 



dt = 0. 



2. In fact, this Lemma can be proved in a simpler way by using Lemma 3, the 
idea here is similar to that in Page 66 of [TU]. By Lemma 3, for the integrand 
we have 



sin(2fci) 
sin(i) 



2^cos((2fc - l)t). 



fc=i 



Integrate the sum termwise, and note that 



cos((2i - l)t)dt 



(-1) 



2i- 1 



then we have 



sin(t) 



2i- 1 



which tends to 2arctan(l) = ^. This completes the proof. 
Lemma 5. If fc e N, for all s > 1, we have 



lim 

fc— 7- + OC 



t s sin(2fct) 
sint 



rfi = 0. 



*!_ o < t < - 

1 1 ' " 2 , where s > 1, then it is easy to prove 



Proof. Let f(t) - , = (| 

that f(t) is monotone (increasing) on [0, f 1 (the details of proving will be given 
in the Remarks below) . By The Second Mean Value Theorem for Integrals, we 
know that there exist £ on [0, ?] , such that 



5 



/ sm(2kt)dt 

Jo sini 



/(f) sin(2kt)dt 



/(O + 0) jf^ sm(2kt)dt + f (| - o) J 2 sin(2fci)di 



- (I 



— (-cos(2fct))| | 



We conclude that 



finally, we have 



- — sin(2fctWt 
sinf v ; 



< 



/7T\ S 1 
\2J k' 



lim 



n t s 

Jo sin t 



sin(2kt)dt = 0. 



The proof of Lemma 5 was completed. 

Remarks: 1. In this remark, we give the proof that f(t) is monotone (increas- 
ing) on [0, f]. Because s > 1, it is easy to prove that f(t) is diffcrentiable 

l~n 7r 1 i f St s_1 CSCt - t s COtf CSCf 0<f<f T , ... 

on |0, §J, and / (t) = i Q t = 0~ 9 ^ = 

ssint — f cost, < t < t;, then we have g(0) = 0, g (f) = (s — 1) cost + t sinf. 
Because s > 1, for < t < ^, we conclude that (s — 1) cost > and t sinf > 0, 
that is, for < t < §, #'(t) > . We conclude that for < t < |, 
fif(t) > 5(0) = , that is, for < t < § , /'(f) > /'(0) = 0. Finally, because 
/(t) is continuous on [0, §] , we conclude that /(f) is monotone (increasing) on 

[o.f]- 

2. In fact, the simpler proof of Lemma 5 is the proof by using Riemann- 

t s 

sin t 

t = 

continuous on [0, ^] , of course, it is integrable on [0, ^] , by Riemann-Lebesgue 
Lemma, we conclude that 



Lebesgue Lemma directly. Because /(f) = 



< t < f 



where s > 1, is 



lim / 2 /(t) sm(2kt)dt = 0. 
Finally, because J Q ^ -4^ sin(2kt)dt = /(f) sin(2fct)c£t, we conclude that 



lim 

k— 7- + 00 



t s 

- — sin(2kt)dt = 0. 
sinf v ; 



G 



3. By the proof of this lemma above, we conclude that for A € R, the following 
result is still valid for all s > 1 



lim / 2 4— $m(\t)dt = 0. 
A^+oo J smt 



4. Similar to Lemma 5 in [3], when s > 2, we can also prove this lemma by 
using integration by parts, but when 1 < s < 2, this method can't be used. 



k . ,, . . , k 



Lemma 6. Let Ii(x,k) = J2 ^"r^iv ^ ' J i{ x i k ) = J2 9SS rBb[W^- , where 



k, I G N, then we have 



3=1 3=1 



In+i(x,k) = J Qf -/ai-i(*i,*)*i) # + J2i(0,fe)tft (13) 
/ aI -i(x,fe) = 1^ ■■■( r^^dt^-.-dt^dtn-x 



wo 



2 sinti 



^ (-l)Wj 2j (0,fc)^- 2 -'- 1 

£J r(2i-2i) 1 J 



T(2l-l)J 2sini 

, ^ (-i)WJ 2j (Q,fc)^- 2 -'- 1 



Proof. Formula (|T3[) will be proved first. Let 



sin((2fc - l)x) cos((2j - l)x) 

F 2l+1 {x,k) = (2fc _ 1)2 ;+i . G 2 ; + i(z,fc) = ^ ( 2 j-l)2' 

cos((2fc - l)x) ^ -sin((2j-l)x) 
^(^,fc)= (2fc _ 1)2 , , Ga t (x,fc) = l, (2 j-l)2/-i 

then it is easy to verify that for i = 0, 1, (F 2 ;+i(a;, fc), G 2 ;+i(a;, fc)) is a WZ pair, 
by Lemma 1, we have 



y2F 2 i +i {x,j)-J2F 2l+i (Q,j)= G 2l+t (t,k + l)dt- G 
.7=1 .7=1 J ° J ° 



2 l+i(t, l)dt. 



Because (A) for all j, F 2 ;(0, j) = j^j^r, F 2l+1 (0,j) = 0, (B) for all t, G 2 i+i(M) = 
o 

by the convention: a k = 0, (C) it is also easy to verify that 
fc=i 



7 



k 

G 2l+ i(t, k + 1) = ^F 2l {x,j), G 2 i{t, k + l) = -hi-i{t, k + 1), 
we have 



Vi^+x^j) = / G 2 i +1 (t,k + l)dt 



= J (J G 2 i(h,k + l)dt^jdt + J J 2i (0,k)dt 
= J (J -I 2 i- 1 (t 1 ,k + l)dt 1 S \dt + J 2 i(0,k)dt. 

The proof of formula (|T3"|) is completed. 

Now, we will prove formula (14) by mathematical induction. At first, we 
will prove that when I = 1,2, formula (14) is valid. When I = 1, let 

k 1 

Fi(x,k) = M(2<i ; 1)l) , Gifofc) = £)cos((2j ~ 

3=1 

it is easy to verify that (JPi(sc, A:), Gi(x, fc)) is a WZ pair, by Lemma 1, we have 
Y"Fi(x,i)- VF!(0,i)= / Gi(t,k + l)dt- Gi(t,l)dt 

3 = 1 3 = 1 J ° J ° 

Because (A) for all j, Fi(0,j) — 0, (B) for all t, G\{t, 1) = by the convention: 
o 

cik = 0, by Lemma 3, we have 



k=l 



h(x,k) = Y / F 1 {x,j)= Gx(t,k + l)dt 

3 = 1 J ° 

k 



rx If 

/ £)cOs((2j-l)t)di=- / 
JO j =1 L Jo 



1 f x sm(2kt) , 
' J dt. 



s'mt 



o 



By the convention: a k = 0, we have 

k=l 

o 



v (-l)V 2j (0,fc) _ 

U r(2-jy) 
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When I = 1, we have 



o Vo Vo 
1+1 /" sin(2fcfi) = 1 f x sm(2kt) 
7o 2sinti 1 2i 



sini 

When Z = 1, the proof of formula (14) is completed. When I = 2, let 
F i( „/,) = " - , .cos((2,-l),) 



sin((2fc 


-l)x) 


(2fc- 


-1)3 


cos((2fc - 


-1)0;) 


(2k- 


l) 2 ' 


-sin((2fc 


-l)x) 


2fc- 


1 



G 3 (x,fc) 


fe-1 

= E 








fe-1 


G 2 (x,fc) = 


= E : 








fe-1 


G!(x,k) 


= E 



2.7 - 1 



It is easy to verify that for i = 1,2,3, (Fi(x,k),Gi(x,kj) is a WZ pair, by 
Lemma 1, we have 

VFiM-VF^j^ Gi(t,k + l)dt- Gi(t,l)dt. 

3 = 1 3 = 1 J ° J ° 

Because (A) for all j, F 3 (0,j) = 0, F 2 (0, j) = ^jt, *i(0, j) = 0, (B) for all 

o 

i, Gi(t, 1) = 0, i = 1, 2, 3, by the convention: a k — 0, (C) it is also easy to 

fe=i 

verify that 

k 

G w (i,Hl) = pi(i,j), i = 1,2, 
finally, by Lemma 3, we have 



fc 



7 3 (x,fc) = ]T^ 3 (x,j) 

= / G 3 (t,k + l)dt 
Jo 



3 = 1 



9 



U G 2 (t 1 ,k + l)dt 1 )dt 2 + J J 2 {Q,k)dt 
J (/' (/ 2Gl(tl,fc + 1)dil ) d<2 ) dt3 + / MO,k)dt 

J [J I J X]-cos((2j-l)ti)dti J dt 2 J dt 3 



3 = 1 

J 2 (0,k)dt 

When Z = 2, the proof of formula (14) is completed. Next, we will prove that 
with the assumption that formula (14) is valid for I , then formula (14) is also 
valid for I + 1 . By formula (j!3[) and the assumption above, we have 

I 2 (i+i)-i(x,k) 
= I 2 i + i(x,k) 

fX / pt 2 i + i \ rx 

-l2i-i(hi,k)dt 2 ijdt 2l+1 + / J 2 i(Q,k)dt 



;+2 ,* / ,t aI+1 / sin ( 2 fct 



2sinti 

, ^ Ja , (0> fc) _ 2 ,_ t 

^ r(2(/ + i)-2j) 

We proved that when formula (14) is valid for I , formula (14) is also valid 
for I + 1 . Finally, by the principle of mathematical induction, we proved that 



10 



formula (14) is valid for all I £ n. By formula (H3J) and Lemma 2, it is easy to 
prove formula (15). The proof of Lemma 6 is completed. 

3 Proof of Theorem 

As mentioned above, we just need to prove formula (6). By Lemma 6, for all 
I £ N, we have 

0(21-1)= lim I 2 i_i(J,fc), A(2Z)= lim J 2l (0,k). 
By formula (15), we have 

T , ,v r , ,2, 2 sin(2H) , 

^ (-l)Wj 2j (0,fc) 2i _ 2j ._ 1 

+ ^ r(2/-2j) 



where 



/ ^ f X , ,2i 2 sin(2fct) , 



r(2z - 1) y 2sini 



r un-yr (-i)' +j+l ^-(o,fc) 2 ,_ 2 ,_ a 
/»_!,!,(*, *)-^ r(2/-2j) — * 



It is easy to see that 



{r* 2 ,- 2i -l 



k— >+oo 



By Lemma 4 and Lemma 5, we have 



lim /ai—i.i (7r,k 

k— ¥-\-oo \ Z 



(-1)1+1 r§ . .21-2 S xn(2kt) , 
lim ±— + r / t) — ^ -dt 



k^+00 T{21 - 1) J \2 I 2sini 

2 ^ 2 / 2 Z- 2 \ /vrx 
2r(2/-l) j J \ 2J feT+oo J sini 
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/7r\ 2 '- 2 , n sin(2fci) , 

+ -V^ r - lim / — i '-dt 

2r(2/-l)\2/ fc^+oc J sint 

(-1) 1+1 tt 21 - 1 

2 2 T(2Z - 1) ' 

Finally, we have 



0(2/ -1) 



= lim J 2 *-i 
= lim hi-i.i 

k— J-+00 



3-* 



lim J 2 i-i,2 



2' 



(-l)^ 1 ^ 2 '- 1 1 ^ (-ip2^A(2j) 

2 2 ' r(22 - 1) ^ r(2i - 2j)7r 2 J 

The proof of Theorem is completed. 
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